Abstract -Fisher's fluctuation-response relation is one of four famous scaling formulae and is consistent with a vanishing correlation-function anomalous dimension above the upper critical dimension dc. However, it has long been known that numerical simulations deliver a negative value for the anomalous dimension there. Here, the apparent discrepancy is attributed to a distinction between the system-length and correlation-or characteristic-length scales. On the latter scale, the anomalous dimension indeed vanishes above dc and Fisher's relation holds in its standard form. However, on the scale of the system length, the anomalous dimension is negative and Fisher's relation requires modification. Similar investigations at the upper critical dimension, where dangerous irrelevant variables become marginal, lead to an analogous pair of Fisher relations for logarithmic-correction exponents. Implications of a similar distinction between length scales in percolation theory above dc and for the Ginzburg criterion are briefly discussed.
The notation α, β, γ, δ, η and ν for the six primary critical exponents was standardised by Michael E. Fisher in the 1960's. In Ref. [8] , we introduced the new exponent q as characterising the leading, power-law FSS of the correlation length, in analogy to the exponentq, introduced in Ref. [23] which characterises the logarithmic-correction term there. Here we follow a suggestion by Fisher to switch to the archaic Greek letter ϙ ("koppa" or "qoppa" -the source of Latin "q") to synchronise more closely with his standard nomenclature. We are grateful for this suggestion.
haviour of the correlation length. Its universality is evidenced by finite-size scaling (FSS) at the pseudocritical point for both periodic and free boundary conditions [8] .
The disentanglement of the correlation length from the actual length of the system when ϙ = 1 is central to the extension of hyperscaling above d c [8] . Length scales also enter via the correlation function into the definition of the anomalous dimension and derivation of Fisher's relation [3] . Here we uncover associated subtleties above d c which require re-interpretation of the formalism there. In particular, we show that the current paradigm, which does not distinguish length scales and their associate dimensionalities, violates bounds on the anomalous dimension, violates Fisher's scaling relation, and leads to disparities between field-theoretic results in the thermodynamic limit and numerical simulations in finite volume. Our new formalism, which resolves all of these anomalies, entails two anomalous dimensions and two Fisher relations -one for each length scale. Additionally, the theory delivers two logarithmic analogues to the anomalous dimension and two corresponding relations at the upper critical dimension.
Background: The Scaling Paradigm. -We follow the notation of Ref. [8] and denote by P L (t) the value of a function P for a system of linear extent L at reduced temperature t = |T /T L −1|, where T L is the pseudocritical value of the temperature T (e.g., defined as the location of the susceptibility peak in vanishing external field) and approaches the critical value T c as L → ∞. The leading scaling behavior for the specific heat, spontaneous magnetization, susceptibility and correlation length are
respectively. The correlation function is usually written as G(t, r) ∼ r −p D[r/ξ ∞ (t)], for a function D which, for r ≫ ξ ∞ (t), decays exponentially, D(y) ∼ exp (−y). When r ≪ ξ ∞ (t) the correlation function reduces to
to leading order. Above d c , mean-field (MF) exponents describe scaling behaviour, and for the Ising model and associated φ 4 theory, for which d c = 4, these exponents are α = 0, β = 1/2, γ = 1, δ = 3, η = 0, ν = 1/2. The standard hyperscaling relation,
Eq.(1) may be expressed in terms of correlation length, e.g., χ ∞ (t) ∼ ξ ∞ (t) γ/ν . Since standard FSS is controlled by the ratio of the correlation length to the actual length, the replacement ξ
Recently a seventh exponent was introduced which characterises the FSS of the correlation length above, as well as below, d c [8] (see also Ref. [9] ),
This seventh exponent originates in Fisher's dangerousirrelevant-variable mechanism [10] provided an earlier assumption [11] that the finite-size correlation length ξ L is bounded by the length L is relaxed. In Ref. [4] , ξ L was referred to as a characteristic length. That it is, in fact, the finite-size correlation length was established directly in Refs. [8, 12] for periodic boundary conditions and indirectly in Ref. [8] for free boundaries. The exponent ϙ extends hyperscaling and FSS beyond the upper critical dimension via the relation
and is supported analytically [8, 13] and numerically [8, 12] . Instead of being governed by the ratio of two length scales ξ ∞ /L, FSS now emerges through the ratio of the correlation volume in d c dimensions to actual volume,
Eq. (7), termed Q-FSS in Ref. [8] to compactly distinguish it from Eq.(4), has been verified for systems with periodic and free boundary conditions [8, 12, 14 ].
Here we turn our attention to Fisher's fluctuationresponse relation. The standard derivation starts from the fluctuation-dissipation theorem, viz.
Here a is the lattice constant in condensed matter, vanishing in the continuum field theory. Close to criticality, where t is sufficiently small, so that r ≪ ξ,
and in the thermodynamic limit, Eq.(8) becomes
We partition this as
where S is a constant. The second term is assumed to give rise to additive corrections close to criticality, where ξ ∞ (t) diverges. The first term gives
One assumes that the lower integral limit only contributes to additive corrections to scaling, yielding to leading order,
Eq.(1) then gives Fisher's relation [3] ,
If L is finite, on the other hand, a similar procedure gives (setting a = 0 to extract the leading scaling) (15) has a leading L-dependency, destroying the derivation even with the Q-FSS form for χ L .
To investigate further, we simulated the d = 5 Ising model for periodic lattices [8] . Denoting the Ising spin 
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Figure 1: The power-law decay of the correlation function for the d = 5, critical and pseudocritical Ising model favours
The insert shows that the effective exponent approaches the Q-theoretic value ηQ = −1/2 as the minimum lattice size used in the fit Lmin increases.
at site i of the lattice by S i , the correlation function is Fig. 1 [15] . The result clearly supports p = 5/2. If, as the standard paradigm purports, p = d − 2 + η, this would correspond to a value of the anomalous dimension of −1/2.
A negative value for the anomalous dimension poses problems. Firstly it is in disagreement with mean-field theory and Landau theory, which deliver η = 0. Secondly, it violates Fisher's scaling relation (14) . Thirdly, it appears to violate field theory which delivers a non-negative anomalous dimension for a second-order phase transition if the underlying theory is of the Ginzburg-Landau-Wilson φ 4 type [3, 16, 17] .
How the Standard Paradigm Addresses the Problem of the Negative Anomalous Dimension. -
The problem of the negative anomalous dimension was already noticed by Nagle and Bonner over 40 years ago [18] . In a numerical study, they determined the correlation decay in a spin chain with long-range interactions and measured an anomalous dimension different from the standard one. In an attempt to explain this, Baker and Golner analytically determined spin-spin correlations in an Ising model for which scaling is exact [19] . Their explanation was that "long long-range order" is controlled by a different anomalous dimension to the standard one, which controls "short long-range order". They found that the long long-range exponent fails to satisfy the scaling relation for the anomalous dimension above the upper critical dimension.
The problem was revisited over a decade ago in a series of papers by Luijten and Blöte [15] . To recount their analysis, we again follow Fisher and first write the scaling form for the free energy density as [10] ,
where u is the scaling field associated with the coefficient of the quartic term in the Landau expansion. Above d c , the critical behaviour is controlled by the Gaussian fixed point in the renormalization-group formalism, where [5] 
Because of a discrepancy between α, β and δ coming from directly differentiating Eq. (16) and MF estimates, Fisher introduced the notion of dangerous irrelevant variables for the free energy density in the thermodynamic limit [10] .
where y * t = y t + p 2 y u and y * h = y h + p 3 y u . Landau exponents are recovered if p 2 = −1/2 and p 3 = −1/4 [11, 20] .
No similar dangerous-irrelevant-variable mechanism was expected for the correlation length or correlation function, since MF theory and Gaussian fixed-point values of γ, η and ν, which are all connected to the correlation function, agree. Notwithstanding this, similar considerations for the correlation length deliver
In Ref. [11] , ϙ was set to 1 in Eq. (19) because of an expectation that ξ L is bounded by L. For this reason, another length scale, ℓ ∞ ∼ t −1/y * t , was introduced in such a way that the first argument on the right-hand side of Eq.(19) involves a ratio ℓ ∞ (t)/L which governs FSS. See also Ref. [4, 21] .
Luijten and Blöte obtained the FSS of the correlation function by differentiating Eq.(18) with respect to two local magnetic fields h(0) and h(r) [15] . When dangerous irrelevant variables are (incorrectly) not accounted for, y * t and y * h are replaced by y t and y h , respectively, so that
, which is the standard, Landau, MF result with η = 0. However, (correctly) taking account of the dangerous irrelevancy in Eq.(18), Luijten and Blöte
Luijten and Blöte give a second interpretation to their anomalous dimensions [15] . Writing the GinzburgLandau-Wilson action in momentum space,
Ignoring the danger by setting u to zero, the correlation function is identified as the inverse of the quadratic part of the action, leading again to the Ornstein-Zernike expression,
From the general form Keeping the quartic term in Eq. (20) with finite L, however, the full quadratic part is
where φ 0 is the zero mode associated with periodic boundary conditions. Since
on finite systems. On the one hand this discrepancy is linked to neglecting, or accounting for, the dangerous irrelevant variable u (leading to η = 0 or η * = 2 − d/2, respectively). On the other hand it is attributed to a difference between short long-range (η = 0) and long longrange behaviour (η * = 2 − d/2). The standard paradigm does not, however, explain how η * = 2 − d/2 for long long distance is manifest as η = 0 in the infinite-volume limit where field-theoretic theorems outlawing negative anomalous dimensions apply. Nor does it explain why it is the correct, dangerous-irrelevantvariables, long long-range η * which conflicts with Landau and MF theory, fails to satisfy Fisher's relation and violates field theory. (One would rather expect the conflict to be associated with the incorrect processes of neglecting dangerous irrelevant variables or taking short rather than long long distances.) Therefore the standard paradigm does not explain scaling above the upper critical dimension.
Resolution of Puzzle. -Here we offer an alternative explanation for the negativity of the measured value of the anomalous dimension, based on the Q-theory proposed in Ref. [8, 9] . This new explanation also resolves all of the above puzzles. According to the theory, there is a difference between the underlying length scale L of the system above d c and its correlation length scale ξ L . This difference is manifest as ξ L ∼ L ϙ .
In Eq.(9), the distance r is implicitly measured on the correlation length scale and this leads to the usual Fisher relation (14) . In Eq.(15), however, the length scales L and ξ L are incorrectly mixed above the upper critical dimension.
To repair this, we write the critical correlation function in terms of the system-length scale as
where η Q is the anomalous dimension measured on this scale, the subscript indicating that Q-FSS (7) rather than standard FSS (4) prevails there [8] .
Eq.(15) for the susceptibility is then
In the Ising case, where ϙ = d/4, γ = 1 and ν = 1/2, this gives η Q = 2 − d/2 and identifies η Q with η * of Refs. [15, 18, 19] . Eq. (25) is the fluctuation-response relation above the upper critical dimension when distance is measured on the scale of system size. The standard expression (14) is the equivalent formula there when distance is measured on the correlation-length scale. The relationship between the two anomalous dimensions is then
Below d c , the two anomalous dimensions coincide. When d > d c , η Q is negative. Since the non-negativity bounds for the anomalous dimension refer to correlation decay on the scale ξ, they involve η rather than η Q , and are not violated [3, 5, 6, 16, 17, 22] . This interpretation advocates that there are two forms for the correlation function, two anomalous dimensions and two Fisher relations, depending on whether distance is measured on the scale of L or ξ L ∼ L ϙ . The value η = 0 is correct when distance is measured on the scale of ξ L and η Q = 2 − d/2 is correct on the length-scale L. Both are valid as characterising long-distance decay. On either scale, there is no need to distinguish between short long distances and long long distances. Our numerical results for the short-range model, and Luijten's and Blöte's numerics for its long-range counterpart, confirm η Q or η * = 2 − d/2 as governing the correlation decay at criticality [15] .
Logarithmic Corrections at d c . -Thus, there is no numerical disagreement between our results and those of Refs. [15, 18, 19] for d > d c . At this point neither theory is falsefied by numerics. Instead, interpretations differ. But these interpretations are important at a fundamental level. While each interpretation can be couched in terms of the dangerous-irrelevant-variables mechanism, the paradigm hitherto relies completely on the role of the quartic term. To discriminate between them, we need a scenario without dangerous irrelevant variables and d = d c presents such a case. There u is marginal with logarithmic corrections arising from the renormalization-group formalism. We shall now show that, while the Luijten-Blöte scenario has no consequence at d = d c , our scaling theory again leads to two correlation functions and to logarithmic analogues to each of the Fisher relations (14) and (25) . This provides a route to test interpretations numerically.
We follow the notation of Ref. [23] and denote the logarithmic-correction exponents, that are known to ap-
For the Ising and φ 4 models,γ = 1/3,ν = 1/6,ϙ = 1/4 [13, 23] . (The exponentϙ was writtenq in Ref. [23] .) The correlation function in the critical region is
where y(r) = r/ξ L (0) if distance is measured on the correlation-length scale. If the system-length scale is used instead, then y(r) = r/L andη Q replacesη in Eq.(30). For the d = 4 Ising modelη = 0 [23] . With logarithmic corrections, Eq. (13) and Eq. (24) become
Inserting Eqs. (27) and (28) and their FSS counterparts, respectively, yields the analogues to Eqs. (14) and (25),
Of course,
The relation (33) is the same as that proposed in Ref. [23] . Indeed, in Ref. [23] , this formula was verified in a variety of models at their respective upper critical dimensions in the infinite-volume limit, through exponential decay of the correlation function, i.e., where distance is measured in units of the correlation length. However, finite-size numerical approaches are defined on the underlying lattice with length-scale L, for whicĥ
Thusη Q = 1/2 in the d = 4 Ising model. We test these predictions in Fig. 2 where (L/2) 2 G(t, L/2) is plotted against ln (L/2) at both the critical and pseudocritical points. The positive slope is clearly notη = 0. Compatibility withη Q = 1/2 is evident and fits to A(ln (L/2 + B)) 1/2 , both at criticality and at pseudocriticality, are nicely compatible with the numerical data.
Discussion. -Returning to d > d c case, our claim is that both η and η Q are valid at long distances. For this claim not to violate Fisher's dangerous-irrelevant-variables theory, η should also arise from it, just as η Q does. Indeed we can see the emergence of both anomalous dimensions through the scaling of the correlation function in a manner similar to the development of Eqs. (18) and (19) above. From dimensional analysis, one may write the standard form in which X φ = d/2 − 1. Note that r and b have the same dimension as L. Acknowledging the danger of u, we treat this in a similar manner to Eqs. (18) and (19) and write
Interpreting r as a length requires v 2 = 0 to render the final argument on the right dimensionless. With t = 0 and b = r, we then obtain G L (0, u, r) = 1/r d−2−yuv1 , which accords with G Q in Eq. (23) provided that v 1 = −η Q /y u = −1/2. If, on the other hand, we interpret r as a correlation length, the final argument is dimensionless if it is rb −ϙ . We then require v 2 = (1 − q)/y u = 1/4. Again setting t = 0, but now setting b ϙ = r, we obtain the scaling of the correlation function as G L (0, u, r) = 1/r (d−2−yuv1)/ϙ . Inserting v 1 = −1/2 delivers the Ornstein-Zernike form G(0, u, r) ∼ 1/r 2 . In conclusion, for a comprehensive picture of scaling above the upper critical dimension, one must take care whether distance is measured in terms of the systemlength scale or the correlation-length scale. To track these, two correlation functions are required, resulting in two Fisher relations, involving two anomalous dimensions, only one of which is captured by Landau theory and MF theory. The hidden anomalous dimension is revealed through numerical simulations on the system-length scale. At the upper critical dimension itself, analogous expressions arise for the logarithmic corrections to scaling there.
The magnetisation transitions in spin models are equivalent to percolation transitions of Fortuin-Kasteleyn clusters. The 30-year-old prevailing picture of hyperscaling breakdown in percolation theory predicts that the number of spanning clusters N L is finite for
for percolation theory) [24] . The theory also predicts that the critical clusters have fractal dimension D = (β + γ)/ν, which is independent of [25, 26] . In Ref. [26] , because finite-size simulations did not follow the standard theory, and N L ∼ L 0 is claimed instead depending on boundary conditions, the behaviour of N L above d c was declared an "open issue".
A simple thought experiment shows that the standard interpretation of N L ∼ L d−dc spanning clusters is flawed. With interactions of sufficiently long range, one can construct a percolation or spin model with d c < 1. That result then predicts a diverging number of spanning clusters in d = 1 dimension despite there being only enough physical space to accomodate one such cluster there. There can, however, be a (finite) number of critical clusters of length O(L).
The fundamental error undermining prevailing percolation theory above d c is the assumption that ξ L ∼ L (ξ is the connectedness length in pure percolation theory). Using Eq. (5) instead, carefully distinguishing finite L from its infinite limit, and otherwise following Ref. [24] , one derives Eq.(6) for all d. This approach delivers N L ∼ L 0 , compatible with the above thought experiment and with the aforementioned claim in Ref. [26] . Q-theory also predicts that the mass of the critical clusters is ξ It is also legitimate to ask, in the present framework, about the status of the Ginzburg criterion, which defines d c as that dimension above which fluctuations become negligible and Landau exponents prevail. It is usually obtained, for example, by comparing the fluctuations, measured by χ, with the average magnetization-squared both at the correlation-length scale. The standard argument is that, for MF theory to be correct, one should have χ ≪ m . Strictly speaking, MF theory is not fully valid above d c : while the thermal exponents α, β, γ and ν, and the magnetic counterpart δ are those of Landau theory, the exponent describing the space dependence of the correlation function is η Q rather than η, which describes an emergent 4−dimensional field theory at the scale of the correlation length.
